Abstract: We propose a model for the propagation of a heavy-quark in a hot plasma, to be viewed as a first step towards a full description of the dynamics of heavy quark systems in a quark-gluon plasma, including bound state formation. The heavy quark is treated as a non relativistic particle interacting with a fluctuating field, whose correlator is determined by a hard thermal loop approximation. This approximation, which concerns only the medium in which the heavy quark propagates, is the only one that is made, and it can be improved. The dynamics of the heavy quark is given exactly by a quantum mechanical path integral that is calculated in this paper in the Euclidean space-time using numerical Monte Carlo techniques. The spectral function of the heavy quark in the medium is then reconstructed using a Maximum Entropy Method. The path integral is also evaluated exactly in the case where the mass of the heavy quark is infinite; one then recovers known results concerning the complex optical potential that controls the long time behavior of the heavy quark. The heavy quark correlator and its spectral function is also calculated semi-analytically at the one-loop order, which allows for a detailed description of the coupling between the heavy quark and the plasma collective modes.
Introduction
Understanding the dynamics of heavy quarks in a quark-gluon plasma, and the fate of their possible bound states, has remained a difficult issue, ever since the original proposal of Matsui and Satz [1] to view the dissolution of J/ψ's mesons in a quark-gluon plasma as a signal of deconfinement (for a recent review see for instance Ref. [2] ). Aside from many studies based on the assumption that the dominant effect of the plasma is to screen the interaction potential, more recently, the problem has been attacked using a "first principle" approach, namely by calculating the QQ spectral functions reconstructed from the corresponding Euclidean correlators provided by lattice QCD. The melting of the J/ψ, for instance, is then signaled by the disappearance of the corresponding peak in its spectral function. The first results of such an analysis led to the surprising result that the J/ψ appears to survive till temperatures well above T c [3, 4, 5, 6, 7] , in sharp contrast with studies based on screened potentials. A comparison between correlators and spectral functions evaluated on the lattice and within different potential models was attempted in [8, 9, 10] , revealing ambiguities in the whole procedure. Another line of first principle calculations was undertaken in a number of recent papers [11, 12, 13, 14, 15, 16] : in these works, the correlator of a heavy quark pair is calculated directly in real time, revealing that the long time behavior of the dynamics can be encompassed by a Schrödinger equation with a complex potential that describes both the effects of screening and, through its imaginary part, of the collisions with the plasma particles.
While it represents an important step forward, this description of the dynamics of heavy quarks by a Schrödinger equation and an effective potential has limitations. The potential is calculated, and well defined, only in the limit of infinitely massive quarks. Moreover, a simple potential description emerges only at large times, that is, at time scales that are large compared to the typical times characterizing the response of the plasma to perturbations. In the situations which we want eventually to deal with, namely the fate of bound states of heavy quarks in the environment created in ultra-relativistic heavy ion collisions, all relevant time scales are mixed (see for instance [17] ), and a description of the dynamics beyond that provided by a simple Schrödinger equation is called for. This paper represents an attempt in this direction, building on the approach developed in [13] . Our strategy, already sketched in [18] , is the following. The heavy quarks are treated as massive, non relativistic, particles coupled to a fluctuating gauge field. The dynamics of the heavy quark is then encoded exactly in a quantum mechanical path integral, while the average over the gauge field fluctuations is entirely determined by the properties of the medium. If one restricts oneselves to approximations where this average is Gaussian, and hence can be performed analytically, the gauge fields can be eliminated completely, leaving a path integral for a non relativistic particle with a non local (in space and time) self-interaction term. This path integral is reminiscent of that introduced by Feynman in his treatment of the "polaron" [19] . An approximation that leads to a Gaussian average (at least in the Abelian case), is the hard thermal loop approximation (HTL) [20] . We shall make use of such an approximation, because of its simplicity, and also because it encompasses the dominant plasma effects that one wants to include: screening effects, collective modes, and collisions. We emphasize, however, that this approximation, which concerns primarily the medium in which the heavy quark propagates, can be improved without altering the basic structure of the problem.
The present paper has an exploratory character and represents only a first step in this long-term goal. It focusses on the dynamics of a single heavy quark moving in a plasma of light charged particles, for which we provide a simple model. We use for the quark-gluon plasma an idealization where only Abelian (in fact, Coulomb) interactions are taken into account. We also assume, for simplicity, that the plasma particles are fermions, i.e., quarks. In short, we model the quark-gluon plasma by an electromagnetic plasma, treated within the HTL approximation. This is enough to take into account typical plasma effects, such as screening, Landau damping of collective excitations, and collisions between the heavy quark and the plasma particles. These phenomena are characterized by a single scale, the Debye screening mass m D , to which, in our numerical studies, we shall give a value characteristic of a quark-gluon plasma at a given temperature (thereby taking effectively gluons into account). The dynamics of the heavy quarks is then treated exactly within a path integral of the type discussed above, with a non-local self-interaction whose space-time properties are controlled by the Debye mass.
Our paper is organized as follows. In Sect. 2 we establish the general setting: the basic properties of the propagator of a heavy particle are recalled, a description of the medium of light charged particles in which the propagation takes place is given, the path integral for the heavy quark propagator is constructed. This path integral is calculated exactly in the limit of an infinitely massive quark, and known results are recovered concerning the long time behavior of the heavy quark propagator in this limit. Then, in Sect. 3, we calculate the heavy quark propagator in the one-loop approximation, providing a detailed analysis of the coupling of the heavy quark to the collective plasma excitations and of the role of the collisions. We also calculate the spectral function and the resulting Euclidean correlator. In Sect. 4 we present the results of the numerical evaluation of the path integral in Euclidean space-time, using Monte Carlo (MC) techniques. We use the Maximum Entropy Method (MEM) to reconstruct the spectral density. Within our present implementation of this method, we can only reproduce, semi-quantitatively, the main features of the spectral density. Finally, Sect. 5 summarizes the conclusions. In Appendix A we give a selfcontained presentation of an exactly solvable toy-model which captures general features of the heavy quark correlator and its spectral function, and this for any value of the coupling constant. 1 Appendix B provides details on the numerical evaluation of the path integral.
A path integral for the heavy-quark propagator
In this section, we recall general properties of the heavy quark propagator, and establish the basic path integral that describes the dynamics of the heavy quark coupled to a gauge field that is integrated out via a Gaussian averaging.
The heavy quark-propagator. Generalities
Most of the physical information that we are interested in can be obtained from the study of the following correlator
where ψ(t, r) denotes the heavy quark field. In the following we shall most of the time use the simplified notation G > (t, r) for G > (t, r|0, 0). The expectation value in the above formula is a thermal average over the states of light particles (with no heavy quark present) that will be specified later. At this stage, we simply note that the full Hamiltonian H can be decomposed into three contributions:
where H Q is the (non relativistic) Hamiltonian describing the heavy quark in vacuum, H med is the Hamiltonian of the medium in which the heavy quark propagates, and H int represents the interactions between the medium and the heavy quarks. For the parts that depend explicitly on the fermion field, we have
and
where A 0 (r) represents the local electrostatic potential created by the light particles. The full Hamiltonian commutes with the number of heavy quarks N Q : 5) and one can classify its eigenstates according to the number of heavy quarks that they contain. In particular, one may write a spectral decomposition of the correlator (2.1): 6) where the states |n contain no heavy quark, while the states |m contain one heavy quark, i.e., ψ(r)|n = 0,
In eq. (2.6) Z is the partition function of the system without heavy quark. It follows also from Eq. (2.5) that G < (t, r) ≡ ψ † (0, 0)ψ(t, r) = 0, so that the time-ordered propagator,
, and the retarded propagator
. Similarly, the spectral density is given by the Fourier transform of Eq. (2.1), namely: 8) with the inverse relation
In this last equation we have exploited the analyticity of G > (t) in the strip −β < Im t < 0, and set t = −iτ , with 0 < τ < β. Inverting this relation, namely calculating σ(ω) from the Euclidean correlator G > (−iτ ) is a difficult (well known) problem that we shall address briefly in the last part of this paper. By noting that H med does not depend on ψ, one finds (with all fields in the Heisenberg representation) 10) so that, from the equation of motion i∂ t ψ(t, r) = [ψ, H], we get
In the absence of interactions, this equation has the familiar solution 12) corresponding to the initial condition G > 0 (t = 0, r) = δ(r). Note that this initial condition still holds in the presence of interactions, i.e., G > (t = 0, r) = δ(r), as is easily verified. A further exact relation is obtained by considering the equation (2.11) at t = 0:
Since the thermal average involves only states of the medium which do not contain heavy quarks that could polarize it, we have A 0 (r) = (1/Z) n e −βEn n|A 0 (r)|n = 0: the interactions do not contribute to the leading (linear) order in a small time expansion. Pushing this expansion to second order, one gets 14) or, taking a Fourier transform
where A 2 0 stands for A 2 0 (t = 0, r = 0) . Thus at order t 2 , the effect of the interaction is governed by the size of the fluctuations of A 0 , an intrinsic property of the medium to be discussed further later. Note also that the coefficient of t 2 in the expansion of G > (t, p) at small t is of order g 2 .
We may turn these relations for the derivatives of G > (t, p) at t = 0 into sum rules for the spectral density. From the initial condition (see after Eq. (2.12)), and the relations (2.13) and (2.14) above, one gets, respectively,
The last sum rule assumes that A 2 0 is well defined. However, as we shall see in the next subsection, within the approximation used in the present paper A 2 0 is in fact given by a divergent integral, so that this sum rule will not apply. Accordingly the short time behavior of the correlator will not have a simple Taylor expansion as assumed in the discussion above (Eq. (2.15)).
The Fourier transform of G > (t, r) used above (see Eq. (2.15)) is of the form
where a p and a † p are the Fourier transform of the field operators ψ(r) and ψ † (r), respectively, and we have used the translation invariance of the medium in order to implement the conservation of the total momentum ( a p a † p ′ ∼ δ p,p ′ ). For the value t = −iβ, the correlator G > (−iβ, p) yields the difference of the free energies of the systems with and without a heavy quark. To see that, note that this free energy difference is given by
In the first line of Eq. (2.18), the states a † p |n , while not eigenstates of H, constitute a basis of states with momentum p and containing one heavy quark. Thus, the sum over the states |n in the first line of Eq. (2.18) is indeed the partition function for the system with one heavy quark and total momentum p.
In preparation for the forthcoming discussion, let us recall that the propagator of the heavy quark, treated as a non relativistic quantum mechanical particle, may be given a path integral representation [19] . With A 0 (t, x) considered as a given external potential, we can write (t > 0): 19) where the symbol r 0 Dz indicates a path integration over paths z(t) such that z(0) = 0 and z(t) = r. The transcription of this expression in imaginary time reads (τ > 0): 20) where, aside from making the familiar substitution t → −iτ , we have also introduced the Euclidean field A E 0 (τ, r) = −iA 0 (t = −iτ, r).
A model for the medium
The medium is modeled by a plasma of light fermions with Coulomb interactions. Because of its large mass, the heavy quark has a small velocity, and consequently its ability to induce magnetic excitations of the medium is small; accordingly these magnetic excitations will be ignored. The Hamiltonian reads then
where ξ(r) and ξ † (r) denote the field operators of the light fermions,ρ(r) ≡ ξ † (r)ξ(r) is the charge density of the light particles, and h 0 their free Hamiltonian.
To the full Hamiltonian of the system corresponds an Euclidean action of the form S = S Q + S int + S med , with
We have set ρ Q (x) = ψ * (τ, r)ψ(τ, r), and
The operator K(x, x ′ ) is given by
In calculating the partition function of the system, one can proceed in a familiar way, and integrate over the light fermions after eliminating their density ρ(x) in favor of a gauge potential
where (2.27) and the field A E 0 obeys periodic boundary conditions in imaginary time, A E 0 (0, r) = A E 0 (β, r), reflecting the fact that the medium of light particles is in thermal equilibrium at temperature T = 1/β.
At this point we perform the main approximations that will yield a simple model for the medium. In the expansion of the fermionic determinant (the second term in the r.h.s. of Eq. (2.27)) in powers of A E 0 , we keep only the quadratic term. Furthermore, we keep only the leading high temperature approximation to the corresponding 2-point function (the so-called hard-thermal-loop (HTL) approximation [20] ). Note that in the case of QED, the HTL approximation automatically truncates the expansion of the determinant at quadratic order. Further discussion of the validity of this approximation will be made shortly. At this point we note that once it is done, we are left with a simple quadratic action:
is given in Fourier space by∆ −1 (z, q) = q 2 + Π(z, q), where Π(z, q) is the (longitudinal) polarization tensor in the Coulomb gauge:
with m D = Π(z = 0, q) is the Debye mass. The Debye mass is the mass scale that characterizes the response of the medium. At this point, we note that the equations we have written hold exactly only for the hot electromagnetic plasma. However, at this level of approximation, the main difference with a quark-gluon plasma lies in the value of the Debye mass that, in a QCD plasma, receives also contributions from gluons. In the numerical studies to be presented below, in order to get orders of magnitudes that are relevant for the quark-gluon plasma, we shall adjust the Debye mass to the value it would have in a quark-gluon plasma at the considered temperature, that is we shall use the QCD HTL expression m D = g 2 s T 2 (N c /3 + N f /6), with g 2 s /4π = α s the strong coupling constant. With α s = 0.3, N c = 3 and N f = 2, this yields a value m D = 713 MeV for T = 300 MeV. Furthermore, the coupling of the heavy quark to the plasma particles involves g 2 s /4π multiplied by the Casimir factor C F = 4/3. We shall absorb this factor C F into the coupling g, denoting the product g 2 s C F /4π by α = g 2 /4π. Thus a coupling constant α = 0.4 in our notation, corresponds effectively to α s = 0.3 in QCD.
The propagator∆ −1 (z, q) introduced above contains all the information about the screening phenomena and the response of the medium to the presence of the heavy quark. It differs by a sign from the longitudinal gluon propagator in the HTL approximation (called ∆ L in Ref. [13] ). It is convenient to subtract from the latter the instantaneous Coulomb interaction which would contribute here only to the self-interaction of the heavy quark. Thus we define
This new object ∆(z, q) is proportional to χ(z, q), the density-density correlation function of the medium: ∆(z, q) = (1/q 4 )χ(z, q). One has, in a mixed representation:
where the spectral function ρ L (ω, q) reads [13] 
It displays two types of contributions: A continuum term arising from the imaginary part developed by the logarithm in Eq. (2.29) for space-like momenta, and which corresponds physically to scattering processes, and a pole term, coming from the solution, for time-like momenta, of
which corresponds to an undamped plasma oscillation. Note that the residue Z L (q) quickly dies out as q grows beyond m D :
Collective modes exist only for q < ∼ m D .
The approximation that we are using to describe the medium to which the heavy quark is coupled is motivated by its simplicity, and also by the fact that it encompasses the important physical phenomena that characterizes weakly coupled plasmas, and that one wants to take into account: polarization and screening effects, collisions with the plasma particles. The latter, however, are not treated properly in the HTL approximation, and this will introduce (small) unphysical features in our results. As a concrete illustration of the difficulty we are referring to, consider the function ∆(τ, r) that will play a central role in our calculations. This function can be obtained by a Fourier transform of Eq. (2.31) over spatial momentum, and it is displayed in Fig. 1 . As indicated in the caption of this figure, ∆(0, r) is logarithmically divergent as r → 0. This divergence is that of the fluctuation A 2 0 = ∆(0, 0), given by the integral
and comes form the continuum part of the spectral function (the contribution of the plasmon is finite, due to the vanishing of the residue for large wave-numbers; see Eq. (2.34)). As already mentioned, the continuum part of the spectral function describes scattering processes, involving space-like gluons with energy ω, momentum q. In the HTL approximation, the phase space for these processes is given by |ω| ≤ q (see Eq. (2.32)), i.e., it grows without bound as q increases, leading eventually to a divergence. An analogous divergence also occurs in the pair correlation function at short distance when this is calculated using the Vlasov equation (which is equivalent to the HTL approximation [22] ). This is a well known difficulty in plasma physics (see e.g. [23] ), and it can be cured by a better treatment of the collisions involving large momentum transfer. Indeed, the HTL approximation is valid only in the regime where q ≪ p, where p ∼ T is a typical loop momentum (i.e., the typical momentum of the colliding plasma particles). A proper treatment of the collisions with q ∼ p would lead to a modified phase space and a finite value for A 2 0 . For instance, in a full one-loop calculation, the phase space is given by −q < ω < q for q < ∼ p, but q − 2p < ω < q for q > p. A possible way to improve the calculation would be to introduce a cut-off to separate soft and hard contributions, and apply in each sector appropriate approximations. We shall not do so here, because ∆(t, r) enters the calculation of the heavy quark correlator only through an integral so that its logarithmic singularity is tamed, and its physical consequences mild. We note however that the divergence of A 2 0 modifies the small τ behavior of the heavy quark propagator, and in particular it invalidates the Taylor expansion dicussed at the end of Sect. 2.1, beyond the linear order.
Path integral representation
We are now in position to write the propagator of the heavy quark in the form of a path integral. Gathering the results of the first two sections, we can write
This path integral summarizes the model that we use. The dynamics of the heavy quark in a hot plasma is that of a non relativistic quantum particle moving in a fluctuating field A 0 , and this is treated exactly by the path integral. The approximations only enter the description of the fluctuations of the field A 0 which we assume to be Gaussian and, as we have just discussed, dominated by long wavelengths and low frequencies. Thus, any improvement of the description of the medium will affect only the first part of the functional integral (2.36), that is the weight of the integration over the field A 0 , but it will leave intact the second part describing the motion of the heavy quark in the fluctuating field. This is an important feature of the present description. As we mentioned earlier, it is convenient to subtract from the correlator∆ the contribution of the Coulomb interaction. This is most easily done after having performed the Gaussian integral over A E 0 , whence we can just replace∆ by −∆. One gets
The real time version of this path integral is obtained by replacing τ by it, and substituting
and we have used [13] ∆(τ = it, r) ≡ −iD(t, r).
The correlator G > (t, r), when expressed in terms of the dimensionless variables tT and rT is of the form G > (t, r) = T 3 f (M/T, m D /T, tT, rT ), with f a dimensionless function. When m D → 0 this reduces to the free propagator. Note that at fixed value of the coupling, m D /T is fixed, and G > (t, r), when t and r are expressed in units of the inverse temperature, depends only on the ratio M/T . We shall refer to this scaling property of the correlator repeatedly.
The parameter M/T controls the "diffusion", described by the correlator (2.12) in imaginary time: the smaller M/T , the more the heavy quark will move away form the origin in a given time. Note that this diffusion inhibits the effects of the interaction: because ∆(τ, z) < ∆(τ, 0) (see Fig. 1 ), the interaction favors paths for which z remains small (their weight in Eq. (2.37) is largest).
One may also understand the effect of the interaction in the following way. The heavy quark produces a polarization cloud of light particles around itself. This induced charge screens that of the heavy quark over a distance scale of order m −1 D . When the heavy quark moves, its polarization cloud tries to adjust and follow its motion, but this takes time (of order m −1 D ). The heavy quarks sees then a restoring force produced by the lagging polarization cloud, which limits its excursion.
In the limit M/T → ∞, studied in detail in the next subsection, the heavy quark is frozen at it initial location: there is then no diffusion, and the effect of interactions is maximal.
The infinite mass limit
When M → ∞, the path integral can be calculated exactly. This is because, in this limit, the motion of the heavy quark is frozen and F becomes independent of the coordinates. Thus, in the infinite mass limit, the heavy quark correlator takes the form
where the function F (t) is the functional (2.40) restricted to z = 0:
The factor exp (iF (t)) mulitplying in Eq. (2.42) the infinite mass limit of the free correlator (2.12), summarizes the effect of the interactions. One can express F (t) in terms of the Fourier transform D(ω, q) of the (time-ordered) gluon propagator [13] :
One gets
It follows that at short times
For large time we use
to obtain
An alternative way to obtain this result is to start directly from Eq. (2.43) and to change variables t ′ − t ′′ → u, (t ′ + t ′′ )/2 → T , and to observe that at large time t, one may integrate freely over u, thereby filtering out the zero frequency part of D(ω, q). This yields again Eq. (2.48). Thus, the large time (t ≫ m −1 D ) behavior of the system is determined by the static (ω = 0) response of the medium. Since, at large times, F is linear in time, Eq. (2.11) for G > (t, r = 0) is a closed equation that takes the form of a Schrödinger equation [13] , with an "optical potential" V opt given by
where we have used the susceptibility sum rule
in order to perform the q 0 integral needed to calculate D(ω = 0, q). Thus, the optical potential involves a real correction to the mass of the heavy quark, and an imaginary part that takes into account the coupling of the heavy quark to the complex configurations of the medium. Alternatively, one may view this imaginary part as reflecting the collisions of the heavy quark with the particles of the medium. As we shall see in the next section, V opt can be identified with the one-loop on-shell self energy in the infinite mass limit. This imaginary part does not appear in the Euclidean correlator calculated at τ = β, which exhibits only the mass shift [13] :
Note that in the present, infinite mass, limit, G > (t = −iβ, p) in fact does not depend on p.
More generally, the Euclidean correlator has the form (2.42) with iF (t) replaced byF (τ ), with (see Eq. (2.39)):
Since the dominant effect of the interactions can be characterized by the free energy shift (2.51), it is convenient to separate the corresponding linear growth ofF (τ ), and writē
The functionF 2 (τ ) vanishes at τ = 0 and τ = β. It is symmetric around τ = β/2, a property that follows immediately from the fact that ∆(τ, q) depends only on |τ |, and is periodic, ∆(β, q) = ∆(0, q). Note also that the slope ofF 2 (τ ) at the origin is equal and opposite to that ofF 1 (τ ), since that ofF (τ ) vanishes.
Many of (but not all) the features of the present M → ∞ limit are shared by the toy model presented in Appendix A, where one can find a more extended discussion of some of the points addressed in this subsection.
One-loop calculation
In this section, we present the results of the one-loop calculation of the heavy quark correlator. This provides insight into the dynamics of the heavy quark when the interaction is weak enough for perturbation theory to be applicable. All the numerical results to be presented are obtained with the value α = 0.4 of the coupling constant, which appears to be a moderate value for which the one-loop approximation remains reasonably accurate. This calculation, together with the exact large M limit that we have just discussed, will serve as a reference when discussing the results of the Monte Carlo evaluation of the heavy-quark correlator in the next section.
The one-loop calculation is easier in momentum space than in coordinate space. To proceed we consider the analytic propagator
where
, and the one-loop self-energy Σ(z, p) is given by the diagram displayed in Fig. 2 . The retarded propagator is obtained as usual by setting z = ω+iη, with ω real. The imaginary part of the retarded propagator yields the heavy-quark spectral function
where Γ(ω, p) ≡ −2Im Σ R (ω, p) = −2Im Σ(z = ω+iη, p). Eventually the Euclidean correlator will be calculated using Eq. (2.9). Since we shall consider only the case p = 0, we shall use in most of this section the simplified notation Σ(z) for Σ(z, p = 0), and similarly for other related functions. The relations (3.1) and (3.2) are general, but in the rest of this section, G and Σ will refer to one-loop quantities (unless stated otherwise). 
The one-loop self-energy
A standard calculation, implementing approximations that are valid when T /M ≪ 1, yields the analytic one-loop self-energy
Expressing momenta and energies in units of T , one sees that Σ(z) is a function of the form
At fixed value of the coupling constant, m D /T is a constant, so that, the only relevant parameter is the ratio T /M , as we have already mentioned. By using the explicit expression for the gluon spectral function ρ L (k 0 , k) given in Eq. (2.32), one can re-write Eq. (3.3) as
This expression exhibits two types of contributions that are are illustrated in Fig. 3 : a pole contribution whose energy denominators are associated with processes of emission or absorption of collective plasmons by the heavy quark, and a continuum contribution coming from the continuum part of the gluon spectral density; the latter contribution represents the effect of collisions between the heavy quark and the particles of the medium, mediated by space-like gluons. It is convenient to evaluate separately these two contributions. Accordingly, we set Γ(ω) = Γ pole (ω) + Γ cont (ω). For the pole contribution one gets: where k 1 and k 2 are implicit functions of ω given by 6) and the primes in the denominators of Eq. (3.5) denote derivatives with respect to k.
Here ω L (k) is the plasmon dispersion relation (see Eq. (2.33)), whose behavior for small momenta reads:
The solutions of Eqs. (3.6) can be read out from Fig. 4 where the two curves E k ±ω L (k) are plotted as a function of k. The first equation (3.6),
, has a single solution starting from the plasmon-emission threshold ω = M + ω pl . The number of solutions of the second equation depends on the ratio ω pl /M . From Eqs. (3.6) and (3.7) one sees that for ω pl > 3 5 M the dispersion relation ω = E k − ω L (k) starts with positive curvature and it contributes to Γ pole with a single solution starting from ω > M − ω pl . In the case of interest, T /M ≪ 1, we have ω pl < 3 5 M , and there are two solutions for M/2 < ∼ ω < M −ω pl and only one for ω > M − ω pl . Note however that any contribution corresponding to k ∼ M is damped by the plasmon-residue. As a result, there is effectively no pole term contribution for M − ω pl < ω < M + ω pl , as it can be seen from the left panel of Fig. 5 . From Fig. 4 one realizes also that there are values of ω for which the dispersion relations ω = E k ±ω L (k) display stationary points which, because of the denominators in Eq. (3.5), lead to singularities in Γ pole (ω) (Van-Hove singularities), clearly visible in the left panel of Fig. 5 . Notice that, as the ratio T /M gets larger, the one occurring at ω ∼ M/2 acquires more importance, getting less suppression from the plasmon residue.
The continuum contribution involves the spectral density β L (k 0 , k) which has support for |k 0 | ≤ k. It follows then from Eq. (3.4) that the continuum contribution to the imaginary part of Σ comes from values of k, ω such that 
, and ω L (k) the plasma dispersion relation. For k = 0, ω = M ± ω pl , with ω pl = m D / √ 3 the plasma frequency, proportional to the temperature. Here, M = 1.5 GeV and ω pl = 412 MeV for T = 300 MeV. The two full lines delineate the support of the continuum part of the gluon spectral function, that is the region
The largest temperature T = 600 MeV corresponds to a plasma frequency ω pl = 824 MeV, very close to the "critical value" 3/5M discussed in the text. this domain are displayed in Fig. 4 , and Γ cont (ω) is given by where M (ω) ≡ M 2 +2M (ω−M ). Note in particular the lower threshold at ω = M/2, corresponding to the minimum at k = M of the lower boundary of the support displayed in Fig. 4 . This is clearly visible in the plot of Γ cont (ω) in the right hand panel of Fig. 5 .
A similar analysis can be done for the real part of the self-energy. This will not be detailed here. We just present in Fig. 6 the result of the full calculation of the imaginary part (left panel) and the real part (right panel) of Σ, for different values of the heavy quark mass, including the limiting case of infinite mass. Let us recall that in the latter case, we have analytic results [13] for the on-shell values (corresponding to ω = M ). From Eq. (3.4) one sees that only the continuum part contributes to the on-shell imaginary part
9) while the real part receives contribution from both parts of Σ(z):
These values, which coincide with the values obtained for the exact "optical potential" in Eq. (2.49), are indicated by the horizontal lines (labelled as "static result") in Fig. 6 , while the curves representing the full expressions of ReΣ(ω) and Γ(ω) in the infinite mass limit are labelled as "M=infinite". One sees from this figure that the infinite mass limit is nearly attained for M = 45 GeV, and that finite mass effects do not change the qualitative behavior of the self-energy. To get a quantitative measure of these finite mass effects, we determine the shift δM = M ′ − M of the heavy quark mass as given by the solution of the equation Table 1 : The mass shift δM obtained from the solution of Eq. (3.11), the one-loop free energy shift ∆F Q , and the real part of the on-shell self-energy Re Σ(M ) (which equals the exact energy shift in the infinite mass limit), as a function of T /M .
One sees from this table that the larger the ratio T /M , the smaller the mass-shift. This is in line with what one expects from the effects of diffusion that increase as T /M increases, and inhibits the effect of the interaction. Note also that the mass shift obtained as the solution of Eq. (3.11) is numerically very close to the free energy shift calculated from the Euclidean correlator G(−iβ). It is smaller (in absolute value) than Re Σ(ω = M ), as can be also directly seen in Fig. 6 .
One-loop spectral function and Euclidean correlator
The spectral density can be readily calculated from the real and imaginary parts of the self-energy (see Eq. (3.2)). It is displayed in Fig. 7 . The dominant feature is the existence of a main peak, approximately located at the value of ω = M ′ , with M ′ given by Eq. Figure 8 : The quantityF (1l) (τ ) (see Eq. 3.12)) for various values of the mass and fixed T = 300 MeV. For the M = ∞ case we also plot the functionF (τ ) (the curve labelled "exp"), so as to get a measure of the accuracy of the one-loop approximation. The value of the free energy shift ∆F can be read on the left panel as the value ofF (1l) (β) and is reported in Table 3 .1. In the right panel we plot the same quantities after subtracting the linear τ -dependence driven by the free-energy, that is the functionF as can be expected on general grounds from Eq. (3.2). In addition to the main peak, two secondary bumps appear in the spectrum at values of the energy ω ≈ M ± ω pl , and come from the energy dependence of the imaginary part of Σ discussed in the previous subsection. The spectral density satisfies the sum rules (2.16): it is normalized to 1, and its first moment remains equal to M . Note that the infinite mass limit gives an accurate picture, only mildly modified by finite mass corrections, down to values of the mass of the order of 1.5 GeV. In particular finite T /M effects seem to be important mainly for the shift and the broadening of the main peak, affecting on the other hand very mildly the secondary bumps.
By using the relation (2.9), one obtains from the one-loop spectral function the corresponding Euclidean correlator. This is displayed in Fig. 8 , for different values of the heavy quark mass. What is plotted in Fig. 8 is actually the function
As it can be seen, all the curves, start with zero slope at τ = 0. This is related to the general feature that the interactions do not introduce any corrections linear in τ at small τ , which in turn may be linked to the first two sum rules (2.16)) which are satisfied in the one-loop approximation. This represents actually an important consistency check of the numerical calculation, given the indirect way by which the Euclidean correlator was obtained. The value of the Euclidean correlator at τ = β measures the free-energy shift ∆F caused by the addition of the heavy quark, and can be read off Fig. 8 . As already obtained in the case of δM , one finds a smaller shift as the ratio T /M gets larger (see Table 3 .1).
A different way to plot the Euclidean correlator is offered in the right panel of Fig. 8 . There we have separated the linear τ -dependence driven by the free-energy shift, writing 
(see Eq. (2.53))F
The difference of behavior that is observed is quite similar to that obtained in the toy model presented in Appendix A. Note in particular that the symmetry around β/2 that is present in the exact M = ∞ limit is lost in the one-loop approximation (also in the infinite mass limit of the latter).
Finally it is of interest to study the accuracy of the weak-coupling expansion at short time. To that aim, we expand the propagator to order α
with G 0 (τ ) ≡ e −M τ , and G 1 (τ ) is given by the one-loop self-energy:
In order to calculate the time intergral, one may express the gluon propagator in terms of its spectral density. One gets then:
The result, for the zero-momentum case, is plotted in Fig. 9 and compared with the full one-loop calculation. As it can be see, for the moderate coupling α = 0.4 considered here, the weak coupling expansion is accurate till quite large values of τ /β. What is perhaps surprising is the dependence on the mass M , which reflects a non analytic behavior at small τ . Assume indeed that a Taylor expansion of Eq. (3.15) exists. Then, the leading term in this expansion, of order τ 2 , is obtained by setting τ ′ = τ ′′ = 0 in the integrand, leading to the result
which would be independent of the mass M . However, as already stressed, ∆(τ = 0, r = 0) is divergent, so that Eq. (3.15) has no Taylor expansion. The integral over τ ′ and τ ′′ in Eq. (3.15) exists however, and because of the exponential factor, it acquires a dependence on the mass M : it is largest in the limit M → ∞, and decreases as M/T decreases. This is the trend seen in Fig. (9) .
Numerical results: MC simulations and MEM analysis
In this section we present the results of the numerical evaluation of the path integral for the heavy-quark correlator. We shall also discuss the spectral density obtained from the latter through an analysis based on the Maximum Entropy Method (MEM) [24] . Since no ambiguity can arise, we use in this section the simplified notation G(τ, r) for the Euclidean correlator in place of G > (−iτ, r) used in the rest of the paper. This correlator is obtained from the path integral derived in Sect. 2.3. By taking the ratio of G(τ, r) with the free propagator G 0 (τ, r) (see Eq. (2.12)) one obtains
3)
The functionalF [z, τ ] is a known functional of the path, with ∆(τ, r) an intrinsic property of the plasma, calculated as indicated in Sect. 2.2. The calculation of G(τ, r) according to Eq. (4.1) amounts to an average that can be performed using Monte Carlo (MC) techniques.
Monte Carlo evaluation of the path integral
In fact, to proceed with the MC calculation, we shall take a slightly different route than that suggested by Eq. (4.1). This is because we want to include the effects of the interaction in the samples of paths used in the averaging. While this may not be necessary in the present one particle problem, this is essential when dealing with the two particle problem that we plan to address in the future. Thus, using a standard strategy, we define a propagator G α (τ, r) as in Eq. (4.1) but with the action replaced by 
and G(τ, r) is recovered after integration over α:
The α-dependent average value appearing in the right-hand side of Eq. (4.5) is evaluated using a MC algorithm whose details are given in Appendix B.
The Euclidean correlator
The heavy quark correlator is calculated first in coordinate space, and then at zero spatial momentum. Calculations have been performed for a fixed mass M = 7.5 and temperatures ranging from T = 0.75 to T = 2. Recall that all energies in the MC calculation are expressed in units of 197.3 MeV (so that T = 1 corresponds to T ≃ 200 MeV, and M = 7.5 to M ≃ 1.5 GeV). It is also useful to remember in the following that the ratio of propagators in the left hand side of Eq. (4.6) is a dimensionless function of τ /β, r/β, T /M , and m D /T . Actually, since we keep the coupling constant α = 0.4 fixed, T /M is the only relevant control parameter.
For the ease of presentation we definē
The quantityF MC (τ, r) is displayed in Fig. 10 together with its infinite mass limit, the functionF (τ ) (see Eq. (2.52)). Since ∆(τ, z = 0) > ∆(τ, z),F [z, τ ] <F (τ ): hence diffusion tends to decrease the magnitude ofF MC (τ, r). Thus, the larger the ratio T /M , the larger the diffusion, and the lower is the corresponding curve in the left panel of Fig. 10 . The panel on the right hand side of Fig. 10 indicates that the effect of the interactions depends mildly on r: it attenuates very slowly as r increases. We now consider the correlator projected to zero momentum
It is again convenient to study the ratio
This expression lends itself to a convenient numerical evaluation. Indeed, as an outcome of the MC simulations, for each τ , one knows G/G 0 (τ, r) for a discrete, and rotationally symmetric, set of values {r i } (typically r i < ∼ 2 fm). One can then write 10) which is the formula used to obtain G(τ, p = 0). A further remark is in order. As explained in Appendix B, in the MC calculations, the functionalF [z] is truncated to the following discrete sum
A procedure is introduced then to correct for the missing diagonal (i = j) terms, assuming that these are approximately given by the corresponding terms in the calculation of the known functionF (τ ). This amounts to correct the raw data by the quantity
This correction is linear in τ , and affects for instance the calculation of the free energy, given by the correlator evaluated at τ = β. Table 2 :F MC (β, p = 0) for various temperatures obtained with the raw MC data and the correction C in Eq. (4.12) . The values of the free-energy shift obtained here for T = 1 and 1.5 can be compared with the one-loop results in Table 3 .1 for the cases T /M = 0.133 and 0.2, respectively. In absolute values, the MC (one-loop) free energy shifts are 0.366 (0.336) and 0.346 (0.318), respectively for the two cases; the one-loop approximation underestimates the free energy shift. The quantityF MC (τ, p = 0) is shown in Fig. 11 for various temperatures. The left panel displaysF MC 2 (τ ) ≡F MC (τ )−(τ /β)F MC (β). The curves are obtained employing directly the raw MC data, which are not affected by the correction (4.12). In the right panel we show the corrected results. As already found in studying the r = 0 correlator, the curves move closer to the static result as the ratio T /M decreases, due to the suppression of diffusion.
In Fig. 12 we compare the MC results with those of the one-loop calculation presented in Sect. 3, in which the Euclidean correlator was obtained through the numerical integration of the corresponding spectral function, according to Eq. (2.9). The MC points start quite close to the one-loop curves corresponding to the same value of T /M , in agreement with the expectation that the short-time behavior is governed by perturbation theory (as already discussed in Sect. 3 commenting Figs. 8 and 9 ). For large values of τ /β the MC results lie above the one-loop curves. This general behavior is also analyzed within the simple toy-model presented in Appendix A. 
The spectral function
We turn now to the reconstruction of the heavy quark spectral density from the Euclidean correlator obtained with the MC calculation. To do so, we need to invert Eq. (2.9), a well known difficult problem. We use here a maximum entropy analysis (MEM), according to the algorithm described in Ref. [24] . Another exhaustive introduction to the method can be found in Ref. [25] . In such an approach, one determines the "best" possible spectral function, given the information one has about the Euclidean correlator (the "data"), and prior information one has about the spectral density, such as the fact that it is positive definite (and hence can be interpreted as a probability density) and that it satisfies some sum rules. The procedure involves the maximization of an entropy function (actually the minimization of a free-energy), which is defined with respect to a default model: in the absence of data, the spectral density coming out of the entropy maximization is the default model. There is, of course, a delicate interplay between the effect of the data and that of the default model , and the resulting spectral density will in general keep some reminiscence of the chosen default model. In order to explore such a systematic uncertainty we will consider two different default models: a constant (within the finite range |ω| < 10), and a Gaussian of the form exp[−(ω−M ) 2 /2γ 2 ]/ 2πγ 2 . In both cases we adjust the parameters of the default model so that the first two sum rules in Eq. (2.16) are fulfilled.
Throughout this section the results will be expressed in terms of dimensionless variables, displaying for instance σ(ω)T as a function ofω/T = (ω−M )/T , the only parameter left being the ratio T /M . It is then useful to recall that in the static limit T /M → 0, the free-energy shift is −αm D /2T ≈ −0.476, while ω pl /T ≈ 1.373 controls the location of the plasmon absorption/emission peaks .
As the first test of the potentiality of the MEM procedure, and of the systematic uncertainties attached to the choice of the default model, we reconstruct the (known) one-loop spectral density from the one-loop Euclidean correlator G (1l) (τ ) obtained in Sect. 3, through the integration of the corresponding spectral density. We use a large set of data points (∼ 500), and take a heavy quark mass M = 1.5 GeV and temperatures T = 200, 300 and 500 MeV. As one can see on the left panel of Fig. 13 , the MEM inversion -here performed with a Gaussian prior -is able to identify the main peak. However this is broader and less shifted then the exact result: the shift is ∼ −0.15, while it is ∼ −0.35 in the original oneloop spectral density. The method also reconstructs a low-energy secondary bump, though less pronounced than the plasmon-absorption peak in the original one-loop spectral function, and it appears also at lower frequency (∼ −2 compared to −1.45). On the other hand no signature of the high-energy secondary peak present in σ (1l) (ω) is visible in the MEM spectral density. In the right panel of Fig. 13 we illustrate the sensitivity to the choice of the default model. There, the MC data at T = 1 are used, as well as the known infinite mass correlator G M =∞ (τ ). We consider a Gaussian (with various values of the width) and a constant prior. With a Gaussian prior with width γ/T = 0.1, 0.2 and 0.3, the main peak is shifted respectively by, -0.05, -0.15 and -0.15. The presence of a spectral strength at low energy seems to be a quite robust feature of the spectrum, though the broader the default model, the less pronounced the secondary bump is. In particular for a flat prior one finds simply a very large broadening and negative shift of the main peak.
In Fig. 14 we show the results of the MEM inversion of the MC data for G MC (τ ), for various values of T /M , including the exact infinite mass limit corresponding to T /M = 0. The left panel corresponds to a Gaussian default model with γ = αT /2. The resulting spectral densities present a broad main peak, slightly shifted with respect to its position in the vacuum (M ) by an amount roughly proportional to T (the curves in the dimensionless units employed lie almost on top of each others), but smaller (by a factor ∼ 5) than the static free-energy shift −αm D /2T ≈ 0.476. A secondary low-energy bump, more and more displaced with respect to the main peak as T /M decreases, is also visible. In the right panel the same data are analyzed using a constant default model. In such a case the spectral function exhibits only a broad peak with a sizable negative shift which, as T /M → 0, results ∼ 50% larger than the static free-energy shift. Furthermore the MEM spectral density, with this choice for the prior, has also a long high-energy tail, at variance with what is found with the Gaussian default model. Finally in Fig. 15 a comparison between the MEM and the one-loop spectral functions is given. The main features discussed above can be seen. In particular, the dependence on the default model is striking. A Gaussian leads to a very small shift of the main peak. On the other hand the constant default model yields a broader and more shifted peak, whose strength extends to low energy till displaying a partial overlap with the secondary bump of the curve obtained with the Gaussian prior.
Conclusions
In this paper, we have presented an approach to the dynamics of heavy quarks in a hot plasma based on a path integral for non relativistic particles with a non local (in space and time) self-interaction that summarizes the effects of the medium to which the heavy quark is coupled. The path integral providing the heavy-quark Euclidean correlator was evaluated numerically using Monte Carlo techniques. The results of this numerical evaluation were analyzed and compared to those of the one-loop calculation, and to those of an exact evaluation of the path integral in the infinite mass limit. We showed that the effect of interactions is to favor the contribution of straight paths in the path integral, and are indeed maximum in the infinite mass limit, where the heavy particle stays at rest. Calculations were done for a value of the coupling constant that would correspond in QCD to a value of the strong coupling constant α s ≈ .3. For such a value the one-loop approximation provides a reasonable first approximation, but deviations with the exact Monte Carlo results were obtained. The Monte Carlo results move towards those of the infinite mass limit as the ratio M/T increases, as expected.
The Monte Carlo calculations of the Euclidean correlator were performed in coordinate space, but a simple integration over the spatial coordinates gave the correlator for zeromomentum. This allowed us, in particular, to estimate the shift in the free energy of the system that is caused by the addition of the heavy quark. We also used the corresponding Euclidean correlator to reconstruct the spectral function, through a MEM analysis. Within our implementation of this method, we were able only to reproduce the main qualitative features, namely a broad main peak, whose shift is only given semi-quantitatively. A secondary structure below the main peak, somewhat reminiscent of the plasmon-absorption peak of the one-loop spectral function is also seen, but no secondary structure above the main peak is detected, only a long tail at large frequencies is observed (and only with a constant prior). The large sensitivity of the MEM analysis to our choices of default models does not allow us to draw more robust quantitative conclusions at this stage. On the other hand, the qualitative features that we were able to reconstruct may be enough to draw conclusions in the two particle problem, which is our ultimate goal.
The thorough analysis of the one-particle case that we have presented in this paper paves the way for several extensions. Clearly the calculation can be improved in several places, and the general setting brought closer to QCD without too much efforts. For instance, we have seen that the HTL approximation used in the description of the hot plasma leads to a somewhat unrealistic description of the effects of collisions. While this affects only mildly the heavy quark correlator, and only at small times where the calculation is in complete control (being essentially perturbation theory), this feature can be improved without changing the basic structure of the problem. The calculation of the Euclidean correlator of a heavy quark-antiquark pair is within reach. The reconstruction of the spectral density of a heavy quark pair from its Euclidean correlator faces the same difficulty as met in lattice QCD: on the one hand, this offers opportunities for more detailed comparisons between the two approaches, on the other hand we note that our path integral for the Euclidean correlator can be calculated with high precision, which could be exploited to develop new methods of reconstruction of the spectral density. Finally one may contemplate the possibility of calculating the path integral directly in real time, perhaps at the cost of additional approximations. That would allow us to bypass the problem of the analytical continuation, and would open the possibility of numerous applications.
The first sector corresponds to the medium without the fermion, and the Hamiltonian is simply that of the oscillator
The sector with ψ † ψ = 1 mimics the case in which one adds the fermion into the medium. The corresponding Hamiltonian reads
and it has the structure of Eq. (2.2). It is easily diagonalized by introducing the shifted operators b ≡ a+ g
so that
The spectrum of H 1 is identical to that of H 0 , and the shift in the ground-state energy is given by:
where we have introduced the dimensionless coupling constant α. The ground state of H 1 is a coherent state characterized by a non-vanishing expectation value of the field φ:
This expectation value plays the role of the classical field A 0 associated with the polarization cloud around the heavy quark. One may also consider the non-equilibrium situation that corresponds to adding the fermion into the system in its ground state at t = 0. Following this initial perturbation, the whole system evolves in time with the Hamiltonian H 1 . It is then not difficult to establish that the expectation value of φ oscillates around its equilibrium value (A.7) according to
where φ eq is given by Eq. (A.7). This result holds unchanged when the oscillator is in thermal equilibrium at temperature T , that is, φ is not affected by thermal fluctuations. Similarly, because the spectra of H 1 and H 0 are identical, the contributions of thermal fluctuations cancel in the difference of free energies of the systems with and without the fermion, with the result that this difference remains equal to the shift in the ground state energy given by Eq. (A.6).
Consider now the Euclidean correlator
where the expectation value . . . 0 ≡ Tr e −βH 0 . . . /Z 0 is taken over states of the medium without the fermion. One has:
where, in the last expression, one recognizes the evolution operator in the interaction representation, so that one can write:
A simple calculation yields then the exact result:
Here ∆(τ ) is the Euclidean propagator for the field φ, satisfying periodic boundary conditions (∆(0) = ∆(β)): 14) with N the statistical factor
At this point let us note that the model depends on several dimensionful parameters: the mass M , which simply shifts the overall spectrum, and plays no role in the dynamics; the Debye mass m D which characterizes the response of the system to an external perturbation, such as the addition of the fermion; the coupling constant g and the temperature T . We shall systematically express the coupling between the fermion and the oscillator in terms of the dimensionless coupling α, as in Eq. (A.6). A look at the propagator (A.14) reveals that m It is sometimes convenient to writeF (τ ) as the sum of a termF 1 (τ ) linear in τ and a termF 2 (τ ) that is symmetric around β/2: 17) so that M − (1/β)F 1 (β) = ∆F Q is the difference of free energies of the systems with and without the fermion (see Eq. (A.6)). The last equality in Eq. A.17 emphasizes thatF (β) is entirely given by the zero Matsubara frequency part of the oscillator propagator (A.14), with
The functionF 2 (τ ) vanishes at τ = 0 and τ = β, by construction, and has its minimum at τ = β/2, with valueF 2 (β/2) = −α tanh(βm D /4). The slope at τ = 0 is −αm D , so that the linear contributions cancel inF =F 1 +F 2 , in accordance with the general result (see Eq. (2.13)). This is also obvious from Eq. (A.13): the small τ behavior starts at order τ 2 .
At quadratic order, we havē
(A.19) One recovers the general result between the coefficient of τ 2 and the fluctuation of φ (see Eq. (2.14)). We shall return to the short time behavior of the correlator shortly.
We now exploit the analyticity of G > and move to real time. This will allow us in particular to get the large time behavior of G > (t). One gets from Eq. (A.12)
with
A simple calculation then yields 
It is entirely determined by the static response of the medium. The comparison with Eq. (A.6) reveals that −F (t)/t is the interaction contribution to the energy shift caused by the addition of the fermion (see also Eq. (A.17)). This is similar to what happens in the case of an infinitely massive quark although, in the latter case, a damping term also appears next to the free energy shift. No such term appears here because of the discrete nature of the spectrum. One can also calculate the spectral function. To do so, it is convenient to start with the following explicit expression of the propagator (A.20): and expand the last exponential in powers of α. One gets
The Fourier transform is then obtained immediately and reads
where we have setω ≡ ω − M . The above spectral density exhibits an infinite number of peaks in one-to-one correspondence with the transitions between the eigenstates of H 1 . The major peak is located atω = −αm D . The expansion of the spectral density to order α K has peaks centered atω = −αm D ± km D , with k = 0, 1 . . . K. Hence, the larger the coupling, the larger the number of peaks giving a sizable contribution to the spectral density. The spectral density is displayed in Fig. 16 for a wide range of values of the coupling α. In order to make contact with the general discussion of a heavy quark in a plasma, we choose m D = √ αT (this implies among other things that the coupling among the plasma grows similarly the coupling between the fermion and the plasma particles). Also, for the purpose of illustrating the global behavior of the spectral function, we smear the delta functions by replacing them by gaussians of variance γ ∼ αT . At small coupling, individual peaks are recognized. For large coupling, the smearing that we have introduced erases the individual secondary peaks, leaving a broad distribution which spreads over a larger and larger frequency interval as the coupling grows. Note that the main peak, located at ω = −αm D is shifted to lower frequency as α grows, but the spectral strength remains centered around ω ∼ M . This behavior may be understood in terms of the sum rules satisfied by the spectral function. These sum rules are obtained from the derivatives s of G > (t) at t = 0:
These derivatives are easiy calculated and one gets
These sum rules explain why the spectral weight remains centered aroundω = 0, with a width increasing with α, while the last sum rule suggest a somewhat larger strength at positiveω than at negativeω. Note that the sum rules that are displayed explicitly here are at most linear in the coupling α. The first higher order correction, of order α 2 , enters at the level of the ω 4 sum rule. Let us now turn to the one-loop approximation for the time-ordered (or retarded) propagator. The one-loop self-energy of the fermion is easily obtained:
The poles of Σ forω = ±m D correspond to the energies of the fermion having emitted or absorbed a quantum of the oscillator, which represent the leading processes that take place at weak coupling. The inverse retarded propagator reads
Thus, the propagator has three poles, at valuesω i solutions of the equation
The general behavior of the solutions may be easily inferred from the graph displayed in Fig. 17 . The propagator may then be written as
with the residues given by z
The spectral function takes the form It can be verified that, in the weak coupling limit, this coincides with the general expression (A.26) expanded to order α. The Euclidean correlator is easily obtained from the spectral function, and reads
which defines the functionF (1l) (τ ). From the correlator calculated for τ = β, one deduces the one-loop free energy shiftF
This is to be compared to the exact valueF (β) = αm D /T : the one-loop calculation underestimates the exact result.
A comparison between the one-loop and the exact result is offered in Fig. 18 . As we did earlier, we may decomposeF (1l) (τ ) =F
2 (τ ) is plotted in the right panel of Fig. 18 . The agreement of the exact and one-loop correlators may be understood from the fact that the sum rules (A.28) are exactly satisfied at one loop, namely .00 (one-loop) α=1.00 (exact) α=2.00 (one-loop) α=2.00 (exact) Figure 18 : Left: The functionF (1l) (τ ) (continuous curves) compared to the exact resultF (τ ) (dot-dashed curves) as a function of τ /β for large values of the coupling constant α = 1 and α = 2 . Even in this strong coupling regime, the one-loop approximation gives an excellent approximation to the exact result up to values τ < ∼ β/2α. Right: The same forF (1l) 2 (τ ) andF 2 (τ ). The slope at the origin is a measure of the free energy shift, which can be also read on the left panel as the value ofF (β). Both plots exhibits clearly that the free-energy shift is underestimated in the one-loop approximation. Note also the asymmetry, growing with increasing coupling, of the one-loop results with respect to τ = β/2, in contrast to the exact curves. above, Eq. (A.28). They hold exactly at one-loop because the small time behavior of the propagator involves also a small g expansion and, as it has already been mentioned after Eq. (A.28), up to order τ 3 , the small τ expansion involves terms of the weak coupling expansion only up to order g 2 . Such terms are taken into account exactly by the one-loop self energy. The fact that the one-loop result is sufficient to describe the small-τ behavior appears clearly in the left panel of Fig. 18 where, even for large values of the coupling, the one-loop and exact correlators are hardly distinguishable for τ /β small enough.
Finally in Fig. 19 we provide a comparison between the one-loop spectral function, given by Eq. (A.34), and the exact result. For weak coupling they look quite similar. On the other hand for larger coupling more and more secondary peaks contribute to the exact spectrum, while the one-loop result can display only three peaks. These, having to fulfill the sum-rules (A.37), result largely distorted.
B. Details on the path integral implementation
The path integral that we want to evaluate has the following form (see Eq. .
(B.1)
For any chosen value of τ = N τ a τ , where N τ is an integer and a τ a fixed time interval, the paths are defined by a discrete set of points {z(τ i )}, where τ i (0 ≤ τ i ≤ τ ) is a multiple of a τ . We choose natural units = c = k B = 1 and fix the unit of length to be 1 fm, and correspondingly the unit of energy (or temperature) to be 197.3 MeV. The time step is .36 (one-loop) α=1.00 (one-loop) α=2.00 (one-loop) α=0.36 (exact) α=1.00 (exact) α=2.00 (exact) Figure 19 : The one-loop spectral function compared to the exact one. The curves refer to different values of the coupling α, from weak (left panel) to strong (right panel). The one-loop result (continuous curves), characterized by the presence of only three peaks, is compared to the exact one (dot-dashed curves), which has a richer structure. In plotting the curves the delta functions have been smeared to gaussians in the same way as in Fig. 16. fixed at the value a τ = 0.01 fm/c, and the heavy quark mass at M = 7.5 (corresponding approximately to the mass of a charm quark).
The path integral Monte Carlo method is based on the generation of a Markov chain that samples a set of paths according to the distribution Then the average F [z] α is evaluated as the arithmetic average over the paths generated by the equilibrated Markov chain. We used the Metropolis algorithm to generate the Markov chain by a sequence of elementary moves. A move is defined as follows: starting from a given path z, one selects at random a time τ i , and displace the corresponding point z(τ i ) by a quantity δz uniformly distributed in a cube of side d centered at z(τ i ), thus defining a new path z ′ ; the move is accepted with the probability
In the present calculation we start from a straight path connecting the origin (0, 0) to the point (τ, r), and perform at least an equispaced array of 10 points in the interval from α = 0 to α = 1. The resulting curve is then interpolated with a cubic spline and integrated using the adaptive Gauss-Kronrod method as implemented in the GNU Scientific Library [26] . At a given temperature we take tipically between 10 and 20 values of τ to determine G(τ, r), with r varying between 0 and 2 fm. Because a large number of paths are used in the calculation of the average, the statistical errors are negligible: one gets relative errors of order 10 −6 for small τ and 10 −4 for the largest values of τ . Furthermore, since the average is taken over a different set of trajectories at each τ , the results at various τ are uncorrelated.
There is one issue in this calculation that deserves further comments. It concerns the calculation of the integral (4.3). The simplest discretized form of this integral reads This, however, cannot be used as it stands since, as we have seen in Sect. 2.2, ∆(0, 0) is logarithmically divergent, so that the diagonal terms i = j in the expression above are ill defined. Before we explain how we have gone around this difficulty, let us examine the calculation of the same integral in the infinite mass limit, where the paths are frozen at the origin, i.e., z(τ i ) = 0 for all i. Then the functionalF [z, τ ] reduces to the function F (τ ) (Eq. (2.52)), that we may write, using the same discretization as above but for the "diagonal" terms, asF whereF (a τ ) is the exact value of the integral on a square of side a τ . The comparison of the value ofF (τ )−NF (a τ ) calculated exactly, and from the discretized sum in Eq. (B.5), yields an estimate of the discretization error in the evaluation of the integral. As can be seen in Fig. 20 , this error is of (relative) order 10 −3 and increases slightly towards small values of τ . We note also that for τ /β > ∼ 0.2, the contribution of the diagonal terms amounts to less than 10%. We have exploited these features in order to make the following simplifications:
i) Only the off-diagonal terms are used in the sampling of paths, that isF [z, τ ] is replaced for that purpose bȳ ii) A correction is applied to compensate for the omission of the diagonal terms, assuming this correction to be given by N τF (a τ ) (in practice we calculate this correction from the difference betweenF (τ ) andF ′ [z, τ ] in Eq. (B.6) estimated for z = 0). Note that this correction is presumably an overestimates. Indeed because of diffusion, at time ∼ a τ , the heavy quark is on the average at a distancer = 3τ /2M away from the origin, and . ∆(τ,r) < ∆(τ, 0). A quantitative measure of this overestimate (which is of the order 30%) can be read off the right panel of Fig. 20 .
A final source of errors comes from the fact that the MC calculation has been set in fixed physical units. Thus, as we change the temperature, of equivalently β = 1/T , one varies the number of discretization points, with T = 1 (∼ 200 MeV) corresponding to N β = 100. Increasing T , means decreasing β, and correspondingly N β . Because of this, the calculations become less precise as the temperature increases.
